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Abstract

Gaussian Processes (GP) is an approach to generalize the concept of multivariate Gaussian distri-
bution to a distribution over an infinite set of random variables (continuous/ discrete). They provide a
whole new dimension to the field of machine learning by defining distributions over functions used for
classification. In this seminar we focused on understanding the role of stochastic process and how it is
used in supervised learning to define the prior, and posterior distributions over functions. This report
gives an introduction to GPs on a fairly elementary level with special emphasis on characteristics relevant
in machine learning, like its application in regression and linear classification problems.

In literature, many approaches have been proposed to deal with supervised learning problems like regression
(for continuous outputs) and classification (for discrete outputs). Traditionally, parametric models' have
been used for this purpose. They restrict the class of functions that we consider for learning, like linear
functions of input. These have a possible advantage in ease of interpretability, but for complex data sets,
simple parametric models may lack expressive power. The advent of kernel machines, such as Gaussian
Processes has opened the possibility of flexible models, where instead of restricting the class we actually
define a prior on all possible functions, where higher probabilities are given to the function that we consider
more likely. In this short report we present the basic idea on how Gaussian Process models can be used to
formulate a Bayesian framework for supervised learning. For broader introductions to Gaussian processes,
consult [1] [5] [9].

1 Introduction to Gaussian Processes

In this section we will define the Gaussian Processes and show how they define distribution over functions
and generalize the concept of multivariate Gaussian distribution. In following sections we will show how we
can come up with a prior for this distribution and how we update it in presence of the training data

Traditionally when we talk about classification of data points(X), we come up with a function which assign
a single class value to each z; € X. In case of GPs, instead of a single value, we come up with a whole
distribution of class value for each x;. So in turn we have this collection of infinitely large number of random
variables having joint Gaussian distribution. Thus GPs are formally defined as:

Iparametric models: model which during training learns various parameters from the training data, absorbing all the
?information”; data is discarded after training



Definition 1 (Gaussian Processes) A Gaussian Process is a collection of random wvariables, any finite
number of which have (consistent) joint Gaussian distributions.

So given the infinte dimensional input domain, and the fact that GP associate a random vector with each
data point, working with such infinite dimensional objects may seem complicated at first, but it turns out
that the quantities that we are interested in computing, require only working with finite dimensional objects.

Gaussian Processes are a natural generalizations over Gaussian distribution with two parameters: mean
function m(z) and covariance function k(z,z'), where former is vector and later is a matrix, which are
defined as

m(z) = E[f(z)] (1)
k(z,2") = B[(f(z) — m(2))(f(z') — m(2"))] (2)

Difference between the two lies in fact that Gaussian distribution is over vectors while GP is over functions,
meaning that in GP every function f has a distribution with mean function m and covariance function k.
Notationally:

f~GP(m,k) (3)

Also that in case of Gaussian distribution, individual random variables(r.v.) are indexed using their respec-
tive position in the vector, for example, it" r.v. is specified as X (i). In GP each r.v.(distribution of function
at given data point) is indexed using the argument x (of the random function f(x)), for example, r.v. at i*?
data point is specified as f(z;), which is the value of the (stochastic) function f at that location.

Definition of GP implies a consistency requirement, which is also some times known as the marginaliza-
tion property. This property simply means that if the GP for example specifies (y1,72) ~ N (g, %), then
y1 ~ N(u1,¥11) where Xy is the relevant submatrix of ¥. In other words, examination of a larger set of
variables does not change the distribution of the smaller set, which in terms of classification means that given
the joint Gaussian distribution of the r.v.s associated with some data points, their individual distribution is
also Gaussian.

Along with the two parameters(u, k), there are some hyper-parameters associated with GPs, which actually
determines the value of the two parameters. Discussion on there hyper-parameters is out of scope of this
report. So in rest of the report we will assume that given a GP, magically we have figure out the value of
two parameters. Please refer [1] to learn about hyper-parameters. We will discuss about covariance function
in brief in section 3. Now lets see, given a GP, how we come up with various distributions over functions.

Prior Gaussian Process

Let us look at an example. Consider the Gaussian process given by:
1. 1
I ~ GP(m.k), wherem(z)= 11;2, and k(z,z') = exp(—i(x —z')?). (4)

Now given these parameters, which describes the prior distribution over the function, we need to draw some
samples from the function f, in order to understand the process. To generate such samples we first pick some
data points and given these x-values we can evaluate the vector of means and a covariance matrix at these
points using Eq. 4, which defines a regular Gaussian distribution:

1
wi = m(x;) zzmiQ, 1=1,...,n and
1
ZU :k(aj’“ajj) :eajp(_i(l‘l_w]) )7 1,) = 17 y I (5)



where m and k represent the parameter of GP, while p and ¥ of Gaussian distribution. We can now generate
a random vector of function values from this distribution given by:

f~ NI (6)

Figure 1: Prior Gaussian Process

We could now plot the values of vector f as function of z, as shown in Figure 1, in which we show a number
of sample function drawn at random from the prior distribution over functions specified by a GP in Eq (4).
This prior is represents our prior beliefs over the kinds of functions we expect to observe, before seeing any
data. Primarily its the choice of covariance function, which decides the behavior of the

Posterior Gaussian Processes

In the previous section we saw how to define a prior distribution over functions using GPs and its parameters.
Using this prior, we can specify some of the properties of the functions, like its smooth and close to be
quadratic. In this section we will see how this distribution gets updated in presence of training data and
how we can use the posterior distribution for purpose of prediction for unseen test data. When a dataset
is provided to GP, it modifies its parameters to give higher probability to function that pass through these
points. This situation is illustrated in Fig 1 where blue circles are the data points, the solid red line is the
posterior mean of the distribution, and the black lines gives the 95% confidence region.

One of the primary goals of computing the posterior is that it can be used to make predictions for unseen
test cases. Let f be the known function values of the training cases, and let f, be a set of function values
corresponding to the test set inputs, X,. Now as per the definition of GP, f and f, will have a joint Gaussian
distribution, which can be represented as:

f I )Y .

f* Mo E*T 2**
where we’ve introduced following notations: u = m(x;), i = 1,...,n for the training means and analogously
for the test means u,; for the training set covariances we use Sigma, X, for training-test set covariances,

and Y., for test set covariances. Now our aim is to find the conditional distribution of f. given f which is
expressed as>:

EIf ~ N+ 2787 - p), o - 278718 (7)
This is the posterior for a specific set of test cases. Parameters of corresponding posterior process is:
fID ~GP(mp, kp),

mp(z) =m(z)+2(X,2)TS"(f —m) (8)
kp(z,2') =k(z,2') - 2(X,2)TE218(X,2)

2Formulae for conditioning a joint Gaussian distribution is:
X a A C
y b CcCT B

xly ~ N(a+CB Y(y—b), A—cB 'cT)



Now given these parameters, we have a distribution over function which is having variance less than the
variance of prior distribution (kp(z,z) is equal to the prior variance k(x,z) minus a positive term), since
the data has given some additional information.

Till now we did all calculation with an underlying assumption of noise-free training outputs. It is common
to many applications that there is noise in the observations. The most common assumption about noise is
that of additive i.i.d Gaussian noise in the outputs. In GPs, to take noise into account, every f(z) has an
extra covariance with itself, with magnitude equal to the noise variance.

y(x) = f(.’E) + ¢, €~ N(Oa 0n2)
f ~ gp(ma k)7 Yy~ gp(m7 k+ o-ng(sii')7 (9)
where 6; = 1 iff ¢ = 4'. Thus the covariance for a noisy process is the sum of the signal covariance and the
noise covariance.

Now when we have learn how to sample function from the GP distribution, and also how to modify the
distribution in presence of specific training data, lets see different GP models in field of machine learning.

2 GP Models

In this section we will be discussing about application of GP in traditional approaches for machine learing.
Major difference between earlier approach and this one is that in former we used to get single class value for
each data point, while in the case of GP we predict a whole distribution of class values at each data point.

Regression

A simple example of a Gaussian process can be obtained {rom our Bayesian linear regression model f(z) =
o(x)Tw with prior w ~ N(0,,). Parameters for this GP are:

E[f(z)] = ¢(z)"Efuw] =0,
E[f(2)f(2")] = ¢@) Ewwlp(@) = o) Spp() (10)
Thus f(z) and f(z') are jointly Gaussian, in fact, the function values f(z1),..., f(z,) corresponding to any

number of input points n are jointly Gaussian. Assuming this GP has squared exponential’(SE) covariance
function which specifies the covariance between pair of random variables as:

cou( (). £(0)) = Kl 0) = eap(— gy — o) (1)

The specification of the covariance function implies a distibutution(prior) over functions as shown in previous
section.

Inference in the Bayesian linear model is based on the posterior distribution over the weights, computed by
Baye’s rule,

likelhood x prior

p(wly, X) = P(y|X,w)*p(w)

posterior = p(y[X)

marginallikelihood’

where the normalizing constant, also known as the marginal likelihood , is independent of weights and is
given by the integral of the likelihood times the prior

p@M)z/p@ﬁXmmXMf (12)

3Also called as Radial Basis Function(RBF)




As we know under GP prior is Gaussian, f|X ~ N (0, K), or
1.7 1 n
logp(f|X):—§f K f—§10g|K|—§log27r (13)
and the likelihood is factorized Gaussian y|f ~ N(f,0,Z) , so the log marginal likelihood will be
Lor 27\ —1 1 2 n
logp(y|X) = —3Y (K+0,"T) 'y — 510g|K +o0,°7| — §log27r (14)

So now given a GP, a prior distribution and a set on data points we can come up with above distributions
and in turn posterior distribution, which we can use to make prediction for unseen data.

Binary Classification

In previous section we have considered regression problems, where the targets are real valued. Another

important class of problems is classification problems where we wish to assign an input pattern x to one of
the C classes , Cy,...,Cc.

Both classification and regression can be viewed as functional approximation problems. In case of classifi-
cation using GP is more complicated than regression, because the assumption of Gaussian likelihood which
holds in the case of regression doesnot hold here because targets are discrete class labels. So we do some
approxiamte inferencing

Joint probability of class labels and data points canbe expressed using two different approaches:
1. Generative Approach: In this joint distrbution is decomposed as:
p(z,y) = py)-(z]y)
2. Discriminative Approach: In this joint distrbution is decomposed as:
p(z,y) = p(z)-(y|z)

We will be using discriminative approach over here for obvious reason that it models p(y|x) directlly. Also
for convenience we will be taking example of binary classification. For modelling the binary classification
we can use the output of the regression model and turn into a class probabilty using response function
which squashes its argument (with domain (—inf,inf)) into the range [0,1]. One example is linear logistic
regression model .

= JITU) )= ———"F<
pCile) = MaTw), AR) = s

(15)

Linear models for Classification

For GP classification models, we will be usign linear models as foundation. Following the SVM literature,
we use labels y=+1 and y=-1 to represent two classes. The likelihood is

ply = +1|z,w) = o(z"w), (16)

where w is the weight vector and o(z) can be any sigmoid function, like A(z) used for logistic regression. For
symmetric likelihood functions*, this can be written more precisely as

p(yilzs, w) = U(CUiTw)a (17)

4symmetric likelihood functions = o(—2) = 1 — a(2),and P(y; = —1|z;,w) = 1 — o(z; T w)



where f; ~ f(z;) = z;Tw. Given a dataset D = (z;,%;)|1,...,n, and the same Gaussian prior w ~ N(0.X,)
as for regression we can obtain the un-normalized log posterior

1 7 = ;
log p(w|X,y) ~ —§wTEp L + Zlog oy f*) (18)
i=1

Now in the case of regression, posterior was Gaussian while in case of classification, because of the presence
of sigmoid function, it does not have a simple analytic form. So we need to do approximate it to some
gaussian function as we will see in next section.

Gaussian Process Classification

Basic idea behind binary classification using GP is to place a GP prior on the latent function f(x) and then
"squash” it using logistic function to obtain prior on w(z) ~ p(y = +1|x) = o(f(z)). This is analogous to
linear logistic regression model and equivalent to the development of GP regression from linear regression In

this approach for GP model of classication, inferencing problem is solved by first computing the distribution
over the latent function, after seeing the test data

p(flX g 2) = / (L)X, 2o, D)p(E]X, y)dE, (19)

where p(f| X, y) = p(y|f)p(f|X)/p(y| X) is the posteriorover the latent variable, and then use this distribution
to produce probabilistic prediction

m = ply. = +1|X,y,2.) = / o (f)p(f| X,y 2.)df. (20)

Now, as mentioned earlier, in case of regression, prediction was easy because relevant integrals were Gaus-
sian and could be computed analytically, but in case of classification both likelihood as well as posterior
are non-Gaussian making the integral analytically intractable. So for this we need to use some analytic
approximations of integrals, as discussed in nest section.

Laplace Approximation for the Binary GP classifier
We need to find a Gaussian approximate of p(f|X, y), posterior distribution over latent function. One of the

way is to use Laplace Aprroximation, in which by doing a second order Taylor expansion of logp(f|X,y)
around the maximum of the posterior, we obtain a Gaussian approximation

~ 1 N ~
g(f1X,y) = N(EIE, A7) o eap(—5 (£ — H)TA(f - 1)) (21
where f = argmaze p(f|X,y) and A = — 7 v log p(f| X, Y)|g_p is the Hessian of the negative log posterior at

that point. Now when we differentiate the posterior to find f, we observe that 57 log p(f| X, ) is a non-linear
function of f. So we can use Newton’s method to find the values of f and A.

Prediction

Once we have an Gaussian aproxiamtion of posterior, we make predictions by computing

7. = p(rl X,y 2.) = / o (f)p(fl Xy 2.)df, (22)

which will give us a distribution over the predictions.



3 Covariance Functions

Covariance functions are used to encode our assumption about the function which we wish to learn. They are
analogous to the similarity functions used in supervised learning to define nearness or similarity. Till know
in this report we have discussed only about squared exponential covariance functions, but infact any postive
definite function® can be used as covariance function. Some of the important characteristic properties of
covariance functions are:

1. Stationary: A stationary covariance function is a function of z —z’, i.e.they are invariant to translations
in input space. For example squared exponential (SE) covariance function given in equation 5.

2. Isotropic: An isotropic covariance function is a function of |z — 2’|, i.e. they ar einvariant to shift
of origin. SE is again an example of such function. These are also called as radial basisi functions
(RBFs).

3. Dot-product Covariance: If a covariance function depends only on z and z' through z - 2" we call it
dot product covariance function. A simple example is k(x,z') = 0¢? + - 2’

Covariance functions plays an important role in GP approach, as they not only decide the prior distribution
over the functions, but also controls the way data can effect the posterior distribution. Given the properties
of various covariance functions, we can choose one which best reflects the prior information, alternatively
we can get better understanding of the data, by analyzing the properties of covariance function chosen by
maximizing the likelihood.

4 Summary

As we saw Gaussian Processes has provided a whole new dimension to the field of machine learning by
introducing the concept of distribution over functions and how conveniently it can be used to specify very
flexible non-linear regression and classification problems. We also discussed about the computation needed
to make predictions for both the cases. GP models are more powerful and flexible than simple linear
parametric models and less complex in comparison to other models like multi-layer percptrons. Infact in
many applications, traditional approach of classification performs badly in comparison to GP approach [6]
[7].

Currently the main short-coming in GP is the computational inefficiency for the case of large datasets, but
with evolution of more powerful computers and the development of fast sparse inference approximations, we
feel GP models will become applicable. A lot of current work is going into the development of approximate
methods for non-Gaussian likelihoods, which are requires even in the case of simple binary classification,
because of which exact computation of predictions is no longer possible analytically. In this report focus
was less on giving the algorithmic details of the aprroximation algorithm and their optimisation variations
as they can be found in references. Instead we aimed to convey the concept of non-parametric algorithm
and comparing them with the existing parametric algorithms.

5Covariance function should be positive definite to ensure that resulting covariance matrix is positive definite, one of the
requirements for it to be a kernel
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