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Motivation

• Traditional classifier need labeled data which is time
consuming and expensive to obtain

• How to use unlabeled data?

• Semi-supervised learning addresses these problem

• Classical kernel and Graph kernels
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Introduction

• Semi-supervised learning uses both labeled and unlabeled
instances to build a classifier

• Kernel functions returns the similarity between two
instances

• Graph kernel use structured information to find similarity

• Approximate the difference

• Object decomposed into sub-structures, find similarity and
finally combine it.
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Outline

• Variants of graph kernels
• Types of graph kernels

• Count
• Random walk
• Subtree pattern
• Shortest path

• Application on web graph

• Conclusion

• Further references
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Variants of Graph Kernels

• First variant
• Kernel on two graphs
• Each graph is either labeled or unlabeled
• Each graph represent an instance

• Second variant
• Kernel on two nodes of same graph
• Each node is either labeled or unlabeled
• Each node represent an instance
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Types of Graph kernels

• Graph kernel based on ..
• Count
• Random walk
• Subtree pattern
• Shortest path
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Graph kernel based on count

• Each element in document vector is a count of a particular
label

• XG =
“

#label(l1,G)
|V | , #label(l2,G)

|V | , . . . , #label(lm,G)
|V |

”
• K (Gi , Gj) = 1

|Vi ||Vj |
∑

v1∈Vi

∑
v2∈Vj

k(v1, v2)

• k(v1, v2) = I (v1, v2)

• Advantages
• Simple to calculate
• Complexity is (nm), where n and m are the number of nodes in G1

and G2 respectively.
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Count (contd...)

• Problem
• Same similarity value for K(G1, G2) and K(G1, G3)
• Does not consider local connectivity
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Graph kernel based on Random walk

• 1st method
• Redefine k(v1, v2)
• k(v1, v2) = pk0(v1, v2) + p(1− p)

P
e1∈A(v1)
e2∈A(v2)

k1(v1, v2, e1, e2) + . . .

• k0(v1, v2) = I (v1, v2)

• k1(v1, v2, e1, e2) = k0(v1, v2) ∗ I (e1,e2)∗I (δ(v1,e1),δ(v2,e2))
|A(v1)||A(v2)|

• K(G1, G2) > K(G1, G3)

• Problem
• For each v1 and v2, compute k(v1, v2)
• Each k(v1, v2) needs lots of computation
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Random walk ( contd...)

• 2nd method
• Assumes if two graphs are similar then random walk matches with

high probability
• h = (h1, h2, . . . , hl)
• ps(h1) : Initial probability ( uniform )
• pt(hi |hi−1) : Transition probability
• pq(hi−1) : Probability that it ends at i − 1
• Probability of random walk for a given graph

• p(h|G) = ps(h1) ∗
Ql

i=2 pt(hi |hi−1)pq(hl )
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Random walk ( contd...)

• Kernel function
• K(G1, G2) =

P∞
l=1

P
h

P
h′ p(h|G)p(h′|G ′)Kr (z , z ′)

•

Kr (z , z ′) =

8<:
0 (l 6= l ′)
Kv (l(h1), l(h

′
1))Ql

i=2 Ke(l(hi−1, hi ), l(h
′
i−1, h

′
i )) ∗ Kv (l(hl), l(h

′
l )) (l = l ′)

• where, z = (G , h) and l(hi ) is label associated with node hi

• Advantage over count
• It considers local connectivity of graphs

• Advantage over 1st method
• Consumes less time
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Random walk ( contd...)

• Problems
• Different graphs may map to same space

• It generally happens when same label appears large number of times

• Tottering
• Similar smaller structure generates high similarity score
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Graph kernel based on Subtree pattern

• Random walk does not consider tree structure

• Each element in a feature vector is number of times
subtree pattern appears

• Kernel function
• K(G1, G2) =

P
r∈V1

P
s∈V2

Kr,s,h

• Kr,s,h = 1, if h = 1 and label(r) = label(s)
• Kr,s,h = λrλs

P
R∈Mrs

∗
Q

(r′,s′)∈R Kr′,s′,h−1

• Mr,s = {R ⊆ δ+(r) ∗ δ+(s)|(∀(a, b)(c, d) ∈ R : a = c ⇔ b =
d) ∧ (∀(a, b) ∈ R : label(a) = label(b)}



Introduction Variants Types of Graph Kernels Application

Subtree pattern (contd...)

• M(1, 1′) = {{(2, 2′), (3, 3′), (2, 3′), (3, 2′)}}
• M(1, 1”) = {{(2, 2”)}, {(4, 3”)}}
• Problems

• Tottering
• Number of nodes to consider grows exponentially with height of

subtree
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Graph kernel based on Shortest path

• All previous kernel were either computationally expensive
or limited in their expressiveness

• Transform graph G to shortest-path graph S .
• Kernel function

• K(S1, S2) =
P

e1∈E1

P
e2∈E2

k1
w (e1, e2)

• where k1
w is a positive definite kernel on edge walk of

length 1.
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Application on Web-graph

• Web-Graph
• Documents are represented by nodes
• Hyperlinks are represented by edges

• Properties of web-graph
• If there are many common words in two documents or
• If two documents are cited by same documents
• Then there is high probability that they belongs to same category.
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Application (contd...)

• Each document is either labeled or unlabeled
• Two different kernels

• Kernels on text
• Each document is a vector in feature space
• Each element in a vector is frequency of occurance of that word
• Term by document matrix
• Kw (d1, d2) =< d1, d2 >

• Co-citation kernels
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Co-citation kernels

• Hub - Authority model

• Each document in authority set is a vector in feature space

• Each element i is either 1 or 0 when i th document from
hub links to this document or not.

• Ka(d1, d2) =< d1, d2 >
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Conclusion

• For sparse graph, all works well, but counting methods is
very fast

• If number of times same labels appear are
• small: then random walk performs well
• large: then subtree pattern performs well

• Both methods suffer from tottering

• Subtree pattern grows exponentially with height of subtree

• Shortest path : efficient in computation
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